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Appendix B. Asymptotic speed of invasion. Consider the linearization of (20),
An—l—l = An + R()An + RlK * An; (Bl)

which describeplantdynamicstar in advanceof thewave of invasionwhereA, < 1. We seek

solutions to (B.1) of the form
Afz) ~e** and A,(z —c) = Ani, (B.2)

correspondingo anexponentiallydecayingvave whichmovesa distance: in eachiteration.Let

K betheLaplacedistribution kernelwith meandispersatistancex,

1
K = —exp [—m] . (B.3)
2a o
Then
Kx A, = L /OO e Ve T dy, (B.4)
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andwith thechangeof variables: = x — y we get

K=« A, = e‘”/o:o et dy = M(s), (B.5)
where M (s) is the moment-generatinfunction for K. OnecanthencalculateM (s) = (1 —
o?s%)~1. Substitutingtheseresultsinto (B.1), letting4,,,; ~ e~*(*=9 andcancellingthe com-
monfactore—** givesadispersiorrelationfor the exponentialdecayconstants, andthe rateof
propagationg,

e’ =1 + RO + Rl =14 R() + RlM(S) (BG)

1 — a?s?
An additionalconditionfor the minimumwave speeds that% = 0. Usingthisto simplify the

derivative (in s) of (B.6) gives

ce** = Ry m—g o = RUM(s). (B.7)



Solvingthesetwo equationdor ¢ gives

e RiM'(s) _ 2R0%s (B.9)
1+ Ry+RiM(s) (14 Ry)(1—0a2s2)24+ Ri(1—a2s?) '
Ontheotherhand,eliminatingc from (B.6) and (B.7) gives
2R 02s? 1
=14+Ry+ Ri—. B.9
exp (14 Rp)(1 — a?s?)2 + Ry (1 — a?s?) Tl t 1 —a?s? (B.9)

Solutionsto (B.8, B.9) give the expected rate of invasion for (B.1) and thence (20).
In thelimit of smallgrowth rateswe maytake R; = ery, e < 1 andRy = erg = epry, (and

not to be confusedwith the e appearingn the previous appendixor maintext). Equation(B.9)

becomes
2er 0 s? €ry
0= - (1 7) . (B.10
exp (I+erg)(1 —a?s?)2+er (1 — a282)] e 1—a2s? (8.10)
Introducingtheregular perturbatiorapproximation,
s=50+€s; + €5y + -, (B.11)

andexpanding(B.10) as a Maclaurin series ingives the expression

0=efi(so, o, p,r1) + €2f2(80, 1,04 p,71) + €3f3(30, 51, S0, P, 1) 4 -+ - (B.12)
Here
a’s5(3+2p) — p(1 +a'sy) — 1
fl(SOa «, p, 7'1) =T (OJZS% — 1)2 . (813)
and

4r1 8902
fa(s0, 81,0, p,71) = m [51 (204253 —3a'sg + 1)

+ 7150 (2(1 +p)a?st —1—p(1 + 04453))] . (B.14)

Thefunctionalform for f3 is notparticularlyenlightening.t is bestdeterminedisinga symbolic
manipulationpackag€lik e Mapleor Mathematica), andis linearin s,.

As e is thoughtto bea smallparametewhich variesfrom circumstancéo circumstancegach

of f1, f, ... mustvanishindependently Solvingthe equationf; = 0 for s, (andchoosingthe
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root correspondingo the minimumspeedyives

V/3+20— 9T 8p
S0 = .

B.15
LT (B.15)
Insertingthe solutionfor s, into fo = 0 andsolvingfor s; givesthefirst correctionterm
3
rl\/ﬁ<3+2p—\/9+8p)2 (6.16)
S1 = . .
" \2a (4p (~6+v9+8p) +9 (-3+9+8p))
Substituting into Eq. B.8 and expanding gives an expressiore,for
3+2p—+/9+8
¢ = 4ev2aRp? \/ P p2 + (B.17)
(9+8p—3,/9F8p)
L2160 Ri%p% (/6 +4p—2/9F8p (27+33p+8p> — (9+7p) VIT8p) o)
€ €

<_3+\/m)4 (~9-8p+39+8)p)
Substitutinger; = R; givestheasymptoticspeedesult(22) in themaintext.
Sinceall of the expressiondor ¢ and s are smoothand analyticat e = 0 the Maclaurin
expansionusedto generatehe asymptoticexpansionis guaranteedo corverge for sufficiently
smalle. However, it mustbe rememberedhat the expansionis joint in the small parameters
Ri, Ry = pR;, andconsequentlyhe corvergenceof the approximationis conditionedon the
sizeof p aswell. Consequentlythesizeof theerroris reportedmnoreexplicitly asO (¢3(1 + p?)),

indicatingthe dependencef theerroronthe parametep.





