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Appendix B. Asymptotic speed of invasion.   Consider the linearization of (20),·¹¸ ² 8 � ·¹¸ 5�º»3 ·¹¸ 5ªº�8 ¶½¼ ·<¸ � (B.1)

whichdescribesplantdynamicsfar in advanceof thewaveof invasion,where

·¹¸¿¾ / . Weseek

solutions to (B.1) of the form·<¸ 
!���]ÀÁ| V0Â � � and

·¹¸ 
�� � n � �
·<¸ ² 8 � (B.2)

correspondingto anexponentiallydecayingwavewhichmovesadistancen in eachiteration.Let¶ betheLaplacedistributionkernelwith meandispersaldistanceÃ ,¶ � /q Ã�Ä:Å0Æ ¨ � x �jxÃ © ) (B.3)

Then ¶½¼ ·<¸ � /q Ã r �V � | V0Â ^ | VKÇ È �ÊÉ ÇË s + � (B.4)

andwith thechangeof variablesÌ � � � + weget¶Í¼ ·¹¸ � | V0Â � r �V � | Â¯Î | VKÇ ÏQÇË s Ì ��Ð 
¯ÑO� �
(B.5)

where Ð 
ÒÑO�
is the moment-generatingfunction for ¶ . OnecanthencalculateÐ 
ÒÑO� � 
 / �Ã C Ñ C � V 8 . Substitutingtheseresultsinto (B.1), letting

·¹¸ ² 8ÓÀÔ| V0ÂI� � V�Õ   andcancellingthe com-

monfactor
| V0Â � givesa dispersionrelationfor theexponentialdecayconstant,

Ñ
, andtherateof

propagation,n , | Â¯Õ �Ö/ 5ªº¹3§5�º�8 // � Ã C Ñ C �Ö/ 5ªº»365�º�8 Ð 
ÒÑO� ) (B.6)

An additionalconditionfor theminimumwave speedis that × Õ× Â �w� . Usingthis to simplify the

derivative(in
Ñ
) of (B.6) givesn | Â¯Õ � ºc8 q Ã C Ñ
 / � Ã C Ñ C � C � º�8 Ð t 
¯ÑO� ) (B.7)
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Solvingthesetwo equationsfor n givesn�� º�8 Ð t 
¯ÑO�/ 5ªº»3H5ªº�8 Ð 
ÒÑO� � q º�8 Ã C Ñ
 / 5�º»3:�@
 / � Ã C Ñ C � C 5�º�8@
 / � Ã C Ñ C � ) (B.8)

On theotherhand,eliminating n from (B.6) and (B.7) givesÄ�Å0Æ ¨ q º�8 Ã C Ñ C
 / 5ªº»3	�@
 / � Ã C Ñ C � C 5ªº�8:
 / � Ã C Ñ C � © �Ö/ 5ªº»3H5ªº�8 // � Ã C Ñ C ) (B.9)

Solutionsto (B.8, B.9) give the expected rate of invasion for (B.1) and thence (20).

In thelimit of smallgrowth rateswe maytake
º�8 � -&Ø 8 , - ¾ / and

º¹3 � -�Ø 3 � -&Ù[Ø 8 , (and

not to be confusedwith the - appearingin the previous appendixor main text). Equation(B.9)

becomes�Ú� Ä:Å0Æ ¨ q -&Ø 8 Ã C Ñ C
 / 5 -&Ø 3:�@
 / � Ã C Ñ C � C 5 -&Ø 8@
 / � Ã C Ñ C � © � E / 5 -�Ø 3§5 -&Ø 8/ � Ã C Ñ C J ) (B.10)

Introducingtheregularperturbationapproximation,Ñ � ÑÊ3§5 - Ñm8p5 - C�Ñ C 5ÜÛGÛGÛ �
(B.11)

andexpanding(B.10) as a Maclaurin series in- gives the expression�¿� -	Ý 8@
ÒÑÊ3 � Ã � Ù � Ø 8��M5 - C Ý C 
ÒÑÊ3 � Ñm8 � Ã � Ù � Ø 8Q�M5 -&f:Ý f 
ÒÑÊ3 � Ñm8 � Ñ C Ã � Ù � Ø 8��M5'ÛGÛGÛ ) (B.12)

Here Ý 8o
ÒÑÊ3 � Ã � Ù � Ø 8Q� � Ø 8 Ã C Ñ C3 
¯Þ<5 q Ù � � Ù 
 / 5 Ãp} Ñ } 3 � � /
 Ã C Ñ C3 � / � C �
(B.13)

and Ý C 
¯ÑÊ3 � Ñm8 � Ã � Ù � Ø 8Q� � ß Ø 8&ÑÊ3 Ã C
 Ã C Ñ C3 � / � } 
àÑm8jX q Ã C Ñ C3 � Þ Ã } Ñ } 3 5 / \5 Ø 8&ÑÊ3 X q 
 / 5 Ù � Ã C�ÑÊC3 � / � Ù 
 / 5 Ã } Ñ } 3 � \ � ) (B.14)

Thefunctionalform for Ý f is notparticularlyenlightening.It is bestdeterminedusingasymbolic

manipulationpackage(likeMapleor Mathematica), andis linearin
Ñ C .

As - is thoughtto beasmallparameterwhichvariesfrom circumstanceto circumstance,each

of Ý 8 , Ý C , ... mustvanishindependently. Solving theequationÝ 8 �½� for
ÑÊ3

(andchoosingthe
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rootá correspondingto theminimumspeed)givesÑÊ3 �ãâ Þ<5 q Ù � ³ ä 5ªå ÙÃ ³ q Ù ) (B.15)

Insertingthesolutionfor
ÑÊ3

into Ý C �(� andsolvingfor
Ñm8

givesthefirst correctiontermÑm8 � Ø 8 ³ Ù X Þ<5 q Ù � ³ ä 5ªå Ù \Mæ�³ q Ã X ß Ù X �»ç 5 ³ ä 5ªå Ù \ 5 ä X � Þ<5 ³ ä 5ªå Ù \[\ ) (B.16)

Substituting into Eq. B.8 and expanding gives an expression forn ,n � ß - ³ q Ã º�8 Ù æ � â Þ<5 q Ù � ³ ä 5ªå ÙX ä 5�å Ù � Þ ³ ä 5ªå Ù \ C 5
(B.17)

- C / ç Ã º�8�C Ùpè� â ç 5 ß Ù � q ³ ä 5�å Ù X qBé 5�ÞBÞ Ù 5�å Ù C � 
 ä 5 é Ù � ³ ä 5ªå Ù \X � Þ<5 ³ ä 5�å Ù \ } X � ä � å Ù 5ªÞ ³ ä 5ªå Ù \ 5
O

 -�f � )

Substituting-&Ø 8 � º�8
givestheasymptoticspeedresult(22) in themaintext.

Sinceall of the expressionsfor n and
Ñ

are smoothand analytic at - � � the Maclaurin

expansionusedto generatethe asymptoticexpansionis guaranteedto converge for sufficiently

small - . However, it mustbe rememberedthat the expansionis joint in the small parametersº�8 � º¹3 � Ù ºc8 , andconsequentlythe convergenceof the approximationis conditionedon the

sizeof Ù aswell. Consequently, thesizeof theerroris reportedmoreexplicitly as ê 
 - f 
 / 5 Ù f ��� ,
indicatingthedependenceof theerroron theparameterÙ .
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