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Appendix C. Invasibility criteria

Throughout this paper, we focus on stable coexistence of competitors defined by the

invasibility (Turelli 1978, Chesson and Ellner 1989, Ellner 1989).  In an invasion analysis, one

species (‘the invader’) is removed from the system and reintroduced at low density (effectively

zero) when the densities of n – 1 other species (‘the residents’) have converged to a joint

stationary distribution. The success of invasion is measured by the invader’s long-term growth

rate ( ), as defined below. If the long-term growth rate of the invader is positive, we conclude
ir

that its population increases in long run, and the invasion is successful. If the long-term growth

rate of each species as invader is positive, we say the species coexist. 

We define the growth rate of any species for the time interval t to t + 1 as the change in ln

population size, i.e. 

(C.1) ,( ) ln ( 1) ln ( )r t N t N t= + −

which is the same as ln λ(t) where

(C.2) ) ( 1) ( )t N t N tλ( = +

is the finite rate of increase. Note that the finite rate of increase is defined even when N(t) = 0,

although the right hand side of (C.2) would not apply. It is average individual fitness more

generally, and this concept has a well-defined value in models. In our models, the finite rate of

increase of a prey species is 

(C.3)  ,( ) ( )( ) (1 ( )) ( ) C t aP tt s G t G t Yeλ − −= − +

which remains meaningful when N(t) = 0.  The growth rate is 

(C.4) .( )( ) ( )( ) ln (1 ) C t aP tr t s G GYe− −= − +

The long-term population growth rate for residents is defined as
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For the residents, population densities will normally converge on a stationary stochastic process

(Chesson and Ellner 1989, Ellner 1989) . Residents persist when the stationary probability

distribution for the population density of each species is on the positive real numbers.  For this

stationary distribution, the expected value of r(t) is zero because E[lnN(t +1)] must equal

E[lnN(t)].  The law of large numbers for stationary processes (Breiman 1968) now guarantees

that = 0. For an invader species i, ri(t) is evaluated for Ni(0) = 0 using equation (C.4).  Thisr

quantity, , can be regarded as the limit as Ni(0) ÷ 0 of the quantity on the right in (C.5)
ir

(taking this limit before letting T 6 4), or simply as the time average of ri(t), as defined above

with Ni(0) = 0.  The long-term growth rate, , can be regarded as the long-term growth trendri

while the invader remains at low density.  Invader growth rates can be positive, negative or zero. 

As mentioned above, for coexistence we seek conditions that lead to positive invader growth

rates (  > 0) .ir
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