B Solving a linear system in order to predict mass loss from a
decomposition network.

Linear problems such as (12) are often solved by assuminduticso of the formue=*" and
plugging it into (12), resulting in a “characteristic eqoat for the eigenvalues. The rates are
then identified by substituting those valuesidsack into (12) to identify the eigenvectaus This
approach was shown in equations (A.1) - (A.11).

We use a similar eigenvalue analysis to solve (12). Firstj@@mmpose\ into its eigenvalues
A; and eigenvectora;

A=UAU" (B.1)
where
M O - 0
0 X --- 0
=1. . . . (B.2)
0 0 - A
U = [’u,l Uy - uz] (B.3)
Substituting (B.1) into (12), we get
i—’t‘ = UAU 'x + J(t)po (B.4)

Next, we change the state coordinate systento one aligned with the eigenvectors. The
system then becomes diagonal or parallel, in eigenspadgisldone by multiplying both sides of
(12) byU+,

U—li—’t‘ =AU 'x+ J(t)U 'pg (B.5)

and then changing the coordinate system via the transfmmat
a=U"'x (B.6)
Applying the transformation (B.6) to (B.5) yields the diaghmed system

d
d—? = Ao+ J(H)U 'py. (B.7)

When the forcingJ(t) is an impulse of masé:,, this input becomes equivalent to letting the
system decay from the initial conditian(0) = G,U !'p,, as described in appendix B.2. Thus,
for an initial impulse of siz&7, system can be rewritten as

do

P Aa,  «a(0) = GoU 'py, (B.8)

which has the solution

ai(t) = a;(0)e™", (B.9)



or in matrix form
a(t) = e Ma(0) = Goe ™™ U 'py. (B.10)
The state dynamics are then recovered by the eigenvector transformatienU ¢,

x(t) = GoUe ™ MU ' p,,. (B.11)

B.1 Expressing mass loss in a network as a sum of exponential decays

Here, we seek to express the total mass in a network as a sutpafential decays. The mass of
organic matter7 remaining in the system at timt@s found by summing all states(#)

G(t) = Z zi(t). (B.12)

We now project the system into the eigen-decay state cowates in order to express the mass as
the standard sum of exponential decays. SubstitwiagU« into (B.12) gives

G(t) = Z o () Z Ui = Z m(t) (B.13)

The effective mass; in thei*" eigen-decay state is the weight multiplied by the sum of all
components of the eigenvectay,

m = S« (B.14)
where
Zj Uy 0 0
5_ 0 J‘:“% | 0 (B.15)
00 S

The relation between decaying parallel staigét) and the actual states(t) is therefore
m(t) = SU 'x(t). (B.16)

The matrix S simply rescales each eigenveciarby its Iengthzj u;;. Therefore we see that
by projecting the system onto eigenvectors with unit Ien@;nuij = 1, the total mass of the
eigenstates represents the total system mass, = > . m;.

Multiplying both sides of (B.7) bys, we find

i—r? — Am + J(t)r, (B.17)

where

r = Sa(0) = SU 'py (B.18)
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is the initial fractionation of incoming organic matterorall eigen-decay states. Equation (B.18)
is the full version of equation (A.13) from the 2x2 system.

Becausé\ is diagonal, equation (B.17) represents a parallel systeswpinential decays. The
solution to this system for the case of an initial input or utge of organic mattetr, att = 0 is

mz(t) = Gg?”iei/\it, (Blg)

as derived in Appendix B.2. The total mass remaining in théesyss found by summing all of
the eigenstates:;(¢). The fractiong(t) = G(t)/Go, of original mass remaining is

g(t) = Z m;(t)/Go (B.20)
= e (B.21)

B.2 Impulse response

When a system receives an input at 0 and no input for > 0, the response of the system to this
input or impulse is called the “impulse response.” An impuls of mass at = 0 is modeled by
settingJ(t) = God(t). The immediate response of the system (B.17) is calculatedtegrating
both sides of (B.17) in time over the infinitesimally small ation of the impulse.

o+
d
/ dm. _ /
0 dt 0

Becausan is initially the zero vector and remains finite during anceathe impulse, the first
term on the right hand side of (B.22) vanishes, leaving ongydatiher two terms. Integrating both
remaining terms gives

ot 0*

Amdt / God(t)rdt (B.22)
0

m(0") — 0 = Gor (B.23)
thus providing the initial condition
m(0) = Gor = G,SU 'pyg (B.24)
Because/(t) = 0 for ¢t > 0, the solution to (B.17) with the initial condition given by @}) is

mz(t) = Gg?”iei/\it. (825)



