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Appendix B Locations and stabilities of the equi-
librium points

Let Pg,r, denote the coexistence equilibrium of the subsystem where only R; and
Ry are present (assuming it exists). Let Pg, ~; denote the coexistence equilibrium of
the subsystem where only R; and N; are present. Let Py, denote the coexistence
equilibrium of the subsystem where only R;, R, and N; are present (assuming it
exists). Let P, denote the coexistence equilibrium where the densities of all four
species are positive. We refer to Pr,g,, Pg,n;, and P3 x; as boundary equilibria. In
the following, we denote the entries of the two-species equilibria using overbars (e.g.,
R1), the entries of the three-species equilibria using hats (e.g., 1:21), and the entries of
the four species equilibria using asterisks (e.g., R}).

Appendix B.1 Definition and stability of the two-species equi-
libria
There are five two-species equilibria. To be biologically relevant the equilibrium

densities of both species must be positive. The boundary equilibrium where R; and
Rs coexist is

_ 1 r Treaq 1 ry  Ta/q
R1 R {R17 RQ} {1 — o2 (kl ko ) 1 — a2 (kg ky ( )

This equilibrium can be invaded by N; if 0 < blelel + ijCJ-gRQ —d; where R; is the
equilibrium density of R; at Pg g,.

The four remaining two-species equilibria each involve one predator species and
one prey species. The boundary equilibrium where R; and N; coexist is

Py, = {Ri, N;} = {bdj i [1 - ﬂ] } . (B2)

)
3iCji Cji bjicjiri
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Table B1: Stability conditions for two-species boundary equilibria

Eq. Stability Condition Resource Partitioning
(prey invasion) ) )
(predator invasion) AA>0 AJA<DO
dik dik
PR1N1 T2 (1 B b11i1127‘2 a/q> B Cgl <1 B b1121111“1> + +
baicordy — biiciids + —
dik dik
PR2N1 "1 (1 B 51221217“1 aq) B 02122 <1 - b1221227"2> + +
baacaady — bigciads - +
dok dok
PR2N2 "1 (1 B 522i2217“1 aq) B CZZZ (1 - bz2i2227"2) + +
biaciady — baacoady + -
dok dok
PR1N2 T2 (1 B b21i2127“2 a/q) B Cizfl <1 - b21i2111“1) + +
biiciids — barcardy - +

Legend: + can invade, — cannot invade, and 4 invasion depends on parameters

Let Ny and Ry, denote the two species not present at Pg,n;. Ny can invade if
bkickidj — bjiCjidk > 0. (BB)

R}, can invade if

rh (1 _ ik a,u-) _ Gl (1 - ﬂ) > 0. (B4)

bjicjirh Cji bjicjiri

The stabilities of the four 1-predator,1-prey equilibria are shown in Table B1. Note
that the stabilities depend on the signs of A and A. In Table B1, + implies invasion
by that species is possible, — implies invasion is not possible by that species, and +
implies either outcome is possible.

Note that if both of the above two inequalities are reversed for a particular the 1-
predator,1-prey equilibrium, then that equilibrium cannot be invaded. It is possible
to choose parameter values such that there are two uninvasible 1-predator,l-prey
equilibria. This occurs in two cases: (i) all invasion conditions for Pg,n, and Pg,n,
are negative or (ii) all invasion conditions for Pg,y, and Pg,n, are negative. In both
cases the system exhibits bistability and four-species coexistence is not possible.
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Appendix B.2 Definition and stability of the three-species
equilibria

There are two three-species equilibria. The equilibrium where R;, Ry and N; coexist
is

ngNj _ {Rl, R% Nj} _ { ng(’l“lijCjQ — djkflaq) — le(’l“gbjgcj'g — djk’g) ’
Cj1k‘2(bj10j1 - bﬂCﬂa/Q) + Cﬂk‘l(bﬂ@ﬂ - bﬂCﬂOéC])
cji(rabjiciy — dijCY/Q) — cja(r1bjicj1 — djky)
Cj1]€2(bj10j1 - ijCjQOé/Q) + Cijl(bﬂCﬂ - bj1Cj104q)7
roki(bjacja — bjrciiaq) + rika(bjicin — bjacjpa/q) — kikad; (1 — a?) }
cirka(bjicji — bjacjaa/q) + cjaki(bjacja — bjiciaq) '

(B5)

We denote the denominator of the entries of P3 n, by 0; = ¢jika(bjicj1 — bjacjoar/q) +
cjok1(bjacjo—bjicj1aq). As shown in appendix D, stable coexistence of all three species
occurs when o; > 0 and o < 1. If 0; < 0, then stable coexistence is not possible
because P, is a saddle with one eigenvalue with positive real part. Py, can be
invaded by the predator not present at equilibrium, Ny, if

berCri Ry 4 bracra Ry — dj, > 0. (B6)

Appendix B.3 Definition and stability of the four-species equi-
librium
The four-species coexistence equilibrium is

biaciady — bogcoad; baicordy — bijcids

Py = (R}, Ry, N7, Ny} = { - -

A ’ A ’
T2C21 — T'1C22 Cooky — 021143206/95,* _ corky — 022/€1QQR*
A A 1 A 2
T1C12 — T2C11 ciiky — ci2kiaq x Ccioki — 011/€204/QR*}
A A 2 A L

Each N; entry of P, is positive if (1) the other three species can coexist (i.e., Ps n,
has positive entries and o > 0) and the three-species subsystem can be invaded by
Nj or (2) N; can invade one of the two-species equilibria at which it is absent, e.g.,
N, can invade Pg, n, or Pg, n,. The proof of this statement follows.

Theorem 1. Assume A and A have the same sign.

(i) If Ps N, has positive entries, oo > 0, and Ny can invade Ps n,, then the Ny entry
of Py 1is positive. Similarly, if Psn, has positive entries, oy > 0, and Ny can invade
P; n,, then the Ny entry of Py is positive.

(ii) Assume Pr,n, has positive entries for all i and j. All entries of Py are positive
only if N1 can invade Pg,y, and Ny can invade Pg, N, for i # h.
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Proof. Proof of (i): We will prove the statement for the N; entry. The proof for
the Ny entry is nearly identical. Denote the condition for N; to invade Psy,, i.e.,
the left hand side of equation (B6), by C;. Note that C; = NjAAc, where Ny is
the equilibrium density of N, at P,. Since we assume A and A have the same sign,
og > 0, and Ps n, has positive entries, C; and N, have the same sign. Hence, invasion
(Cy > 0) implies Ny > 0.

Proof of (ii) We will prove the result by way of a proof by contradiction. Via Table
B1, we have that if N; can invade Pg,n, then Ny cannot invade Ppg,y,. Similarly,
if Ny can invade Pg,n, then Ny cannot invade Pg,y,. Assume the entries of P,
are positive and N; can invade both Ppg,n, and Pg,n,. This implies that A; =
(biaciady — diboscas) > 0 and Ay = (byyciidy — byycordy) > 0. Because Rf = A;/A and
R; = —Ay/A, it must be the case that either R} or Rj is negative, which contradicts
our assumption that P, has positive entries. Via an identical argument, if N; can
invade both Ppg, n, and Pg,n,, then either R} or Rj is negative. O]

Equilibrium Stability: We now present some limited results about the stability of
Py. Figure 4 of the main text shows the locations of the Hopf bifurcation curves for
the numerical examples in Figures 1 and 2. Our two main findings are that (1) four-
species coexistence is not possible if A and A have opposite signs and (2) cycles are
more likely to occur when interspecific prey competition is sufficiently high (« close
to one) and asymmetric (¢ # 1). We also show that stable coexistence is guaranteed
when bll/b21 = blg/bgg and o is sufﬁciently small.
The Jacobian evaluated at Py is

—Rfkl —RTijéq —CHR){ —CglRT

—RszO{/q —Rzkg —C12R§ _CQ2R§
bHcHNl* blgclgNik 0 0
bglcglNQ* bQQCQQNS 0 0

The determinant of the Jacobian is Ny Ny Rf R;AA. Stable or cyclic coexistence of all
species only occurs in our Lotka-Volterra model when the determinant of the Jacobian
is positive. Consequently, coexistence is not possible if A and A have opposite signs.
When A and A have the same sign, stable or cyclic coexistence are possible.

The characteristic polynomial for the Jacobian is

p(A) = M 4+ a NP + g\ +ash 4+ ay (B8)

Tp, = (B7)

where
a; = k1 R} + ko R}
ay = R{R5kika(1 — ) + NYRibiicly + Ny Rybiacty + Ny Ribaicyy + N3 Rybaacs,
as = —R{RSa(k1q + k2/q) (N7 biiciiciz + Nybaicarcan)
+ Ry Ry (NS kaobyicly + NikibiaCiy + Nykibaacs, + Nikaboics))
as = NI N; R R AA.
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The number of roots with positive real part is given by the number of sign changes
in the sequence {Ao,Al,AQ,A37A4} where AO = ]_, Al = aq, A2 = al(alag — CL3),
Az = (ajay — az)(ayagas — a3 — aay), and Ay = ay. By inspection, Ay, and A; are
positive. Ay is positive under our assumption that o < 1. Ay has the same sign
as AA, which is positive since we assume A and A have the same sign. Thus, the
occurrence of cycles is determined by the sign of As: cycles arise when Aj is negative
and stable coexistence occurs when As is positive. After collecting powers of v and
q, we have

2 9 3 2 2 2 2 92
ajasaz — a3 — ajay = (¢ + c2)a” — cza” — cpaq” — csaq " + (¢ + cr)a+ cs

(B10)

where ¢; is positive for i < 5; ¢c; = O(q); ca = O(q¢'); ¢3, ¢4, c5, and cg do not depend
on a or q; cg = O(q); and ¢; = O(qg™'). The signs of the O(a?¢?) and O(a?q™?) terms
in equation (B10) suggest that cycles will arise when interspecific prey competition is
sufficiently high (« is close to one) and sufficiently asymmetric (q is sufficiently larger
or smaller than 1).

Using a Lyapunov function, we now show that stable coexistence is guaranteed if

bll/b21 = 512/522 and a < 2C]\/b11611512012k’1]<72/(011511]'€16]2 + Cl2b12k2)-
Theorem 2. If b1 /by; = bia/bea, then Py is globally Lyapunov stable when
(blgk’ga/q + buk:lozq)Q — 4b12b11k}1]€2 < 0. (B].].)
Proof. Let Py = (R}, R5, N{, N;). Our Lyapunov function is
V(Rl, R27 Nl, NQ) = C1 [Rl — RT — Rik ln(Rl) + Rik ID(RI)]
+ Co [RQ — R; — R; hl(RQ) + R; 1H<R§)]
+ c3 [Ny — Ny — Ny In(NVy) + Ny In(Vy)]
+ ¢y [Ny — Ny — Ny In(Ny) + Ny In(N3)]
for some constants ¢; > 0. Note that V(Ry, Re, N1, No) > 0 for all positive values

of Ry, Ry, Ny, and N, and equality holds only at P;. Since dR;/dt(P,;) = 0 and
dN;/dt(Py) = 0, we can write dV/dt as

(B12)

av | ARy dR o ARy dR

—r = o= RB) | =5 = =2 (P)| = eo(By — Ry) | =5 = —2(P)

dt dt dt dt dt (B13)

o | ANy dNy o ANy dN,
—c3(Ny — NY) { T (P4)} — ¢c4(Ny — N3) [ TR (P4)1 :

After algebraic manipulation we have
av
T —c1ky (Ry — RT)Q — ok (Ry — R;)Q — (e2kor/q + crkraq) (Ry — RY)(Re — R3)

+ (Rl - R*)(Nl - N*) (03b11011 - 01011) (Rl - R*)(N2 N ) (C4b21021 - 01621)
+ (Ry — R3) (N1 — NY) (esbiacia — cac12) + (Ra — R3) (N2 — N3) (€abaacos — cac22)
(B14)
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The terms in the bottom two lines are zero when the coefficients ¢; satisfy

b b
g = £ = E, cl = bllCB, Co = leC3~ (B15>
Cy bay bao

Recall that we assume by /by; = bya/bag. Setting c3 = 1 yields

% = _bllkl(Rl — RT)2 — lekQ(RQ — R;)Q — (blgk’ga/(] + bllklaq)(Rl — RT)(RQ — R;)
We want the conditions under which dV/dt < 0 for all positive Ry and Ry. Let
x = (R —R}),y = (R — R}), and ¢ = bysksa/q + bi1kiag. Then the condition
dV/dt <0 for all positive Ry and R is the same as determining when the conditions
on c are such that there does not exist a real solution to 0 = by k122 + biakey? + cay.
Via the quadratic formula, this occurs when ¢ — 4by,b12k1 ks < 0. Substituting for ¢
yields the result. [



